We give equivalent and sufficient criteria for the automorphism group of a complete toric variety, respectively a Gorenstein toric Fano variety, to be reductive. In particular we show that the automorphism group of a Gorenstein toric Fano variety is reductive, if the barycenter of the associated reflexive polytope is zero. Furthermore a sharp bound on the dimension of the reductive automorphism group of a complete toric variety is proven by studying the set of Demazure roots.
Introduction
In this paper we study criteria for the automorphism group of a complete toric variety to be reductive. Here one source of motivation comes from the following result: In particular they got as a corollary [2, Cor. 1.2] that the automorphism group of such a symmetric X is reductive. Expressed in combinatorial terms this just means that the set of lattice points in the relative interiors of facets of P is centrally symmetric. So they asked whether a direct proof of this result exists. Indeed there is the following generalization with a simple combinatorial proof (see Theorem 5.2(1) and Remark 5.5):
Theorem 1.4 Let X be a complete toric variety. If the group of automorphisms of the associated fan has no non-zero fixpoints, then Aut(X ) is reductive.
Motivated by above results it was conjectured by Batyrev that in the case of a nonsingular toric Fano variety already the vanishing of the barycenter of the associated reflexive polytope were sufficient for the automorphism group to be reductive. Indeed there is even the following more general result that has a purely convex-geometrical proof (see Theorem 5.2(2i)):
Theorem 1.5 Let X be a Gorenstein toric Fano variety.
If the barycenter of the associated reflexive polytope is zero, then Aut(X ) is reductive.
Only very recently Xu-Jia Wang and Xiaohua Zhu could prove that the vanishing of the Futaki character is even sufficient for the existence of an Einstein-Kähler metric in the toric case (see [16, Cor. 1.3] It is now conjectured by Batyrev that this result may also hold in the singular case of a Gorenstein toric Fano variety.
Another source of motivation that orginated this research was the aim to give mathematical explanations for observations made by Batyrev, Kreuzer and the
